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This paper presents an epistemological examination of phenomena, that
is, of the observables of empirical science. The starting point is the premise
that “Nature is a Hilbert space over the real field, and it consists of
invariants, I, which are not directly accessible”. The second premise is
that “real manifestations (i.e. observables, phenomena, or appearances)
are projections of I”. From these premises on the genesis of phenomena
by the measurement process, we show how a representation of the inaccessible invariant can be mathematically synthesized from measures on the
projections. Actually, knowledge of the projections is not sufficient. One
must have measures on the (measuring) system producing the projections,
that is, on the projectors. The projectors belong to the dual space of the
projections, and it is possible to synthesize a simple representation which
is also the best approximation to I. Furthermore, the duality condition
imposed upon the measuring process assures that the morphology of the
relationships between phenomena is given by an elegant, bilinear, metric
calculus. This calculus is, in fact, the phenomenological calculus developed
in earlier papers in this journal. Among the examples analyzed from the
viewpoint of projection are the following: tomography, quantum
mechanics, stoichiometry, and enzyme function.
The well-known
story of the blind men and the elephant is a cautionary
tale designed to warn children of the dangers of subjectivity.
However,
upon closer scrutiny, it can be seen to be a valid and, though incomplete,
a valuable parable about modern empirical methods of biological science.
There is no scandal in the various observations of the blind men being so
radically different. Indeed, the story would have a scientifically meritorious
ending if the blind men had applied some mathematical algorithm to their
disparate data in order to synthesize a representation of the object common
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to all as the source of the various observations,
but inaccessible in its
totality: namely, the elephant. The goal of the present paper is to develop
such an algorithm.
In particular, it will be shown how phenomena, that is observables, can
be mathematically represented as projections of an underlying invariant
which itself is inaccessible to direct measurement. It is further shown how
to construct a representation of this invariant from measureson the projections and on the system providing the means of projection. This representation, in turn, reproduces the phenomena by mathematical projections; and
by means of a theorem on projections from real analysis, it is proved that
this representation is the best approximation of the invariant obtainable
from the given set of observables. Finally, it is shown how the algorithm
provides a simple and canonical method for describing the interrelationship
between phenomena. One intriguing result of our analysis is that duality
is a natural consequence of perceiving the phenomena in the world as
projections. Indeed, it is an integral part of the mathematical structure by
which means we order and make senseof our perceptions. This work is a
sequel to a seriesof papers devoted to the development of a phenomenological calculus: Richardson (1980); Richardson, Louie & Swaminathan (1982):
Louie, Richardson & Swaminathan (1982); Louie & Richardson (1983)+.
1. Projections and Projectors
In a thought-provoking lecture entitled Towards a Revival of Natural
Philosophy, Rent Thorn (1979) characterizes the Platonist approach to
theorizing natural phenomena in the following manner:
“Here is the spaceof observables,the space U which is, so to speak, the
support or carrier of the experimental morphology, and we get a lot of
complicatedforms in this space,which we don’t know how to explain. Then
what we do is to introduce a spaceof unknown or hidden parameters.So let
me call U the space of observablesand let S be the space of hidden
parameters.Then I will construct in the product spaceU XS simplerobjects
which, by projection, will reconstruct the complex morphology I have in the
observable space. This is a general procedure for scientific explanation from

the Platonist’s approach. And, you might perhaps be surprised, but
this Platonist
philosophy!”

approach

is followed

even in standard

physics, it is not just

For our purposes, projections are not enough. We also need some
knowledge of how the projections are made. That is, we require some
measureson the projectors. This can be immediately seen upon considering
-: Hereafter referred to as R 80, RLS 82, LRS 82, and LR 83.
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a familiar example of projection -the three views of a house drawn by an
architectural draftsman, front, side, and top. From these three projections,
we can mentally synthesize a three-dimensional
representation of the house.
Implicit in our mental reconstruction is the assumption that the draftsman
used what are obviously the most reasonable set of projectors. As illustrated
in Fig. 1, the projection upon the x-z plane is made by rays (i.e. projectors)

FIG.

1.

normal to that plane. Thus, to the three planes of projection which establish
the Cartesian coordinate system (x, y, z) there correspond three sets of
projectors which establish a related Cartesian coordinate system (x’, y’, 2’).
Such related coordinate systems are called “dual” systems. Imagine the
difficulties in interpreting graphics if projections and projectors were not
dual; for example, if the (x’, y’, z’)-system were skewed rather than normal
to the (x, y, z)-system. The mathematical definition of duality and the role
of this concept in the representation of phenomena was discussed at length
in LR 83. However, the genesis of duality was not considered in that paper.
In the following duality will arise as a necessary consequence of the desire
to represent phenomena as projections-in
the “most reasonable” manner.
The Duality-Invariance-Diagram
(DID) of our phenomenological
calculus
(LR 83) is derived from the principles of projection. Furthermore, a calculus
upon the projectors themselves is developed. On the practical side, the
concepts of projection are used to analyze examples such as chemical
reaction, tomography, quantum mechanics, and quantum biology.
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2. Postulate5
We wish to study the natural world as manifested by phenomena. In
particular, our goal is to derive a calculus whereby we can investigate the
genesis of phenomena, the interrelationships
between phenomena and, in
general, the morphology of representations
of phenomena. Our starting
point is the naive notion that phenomena are projections
of underlying
invariants. The fundamental
concepts defining this proposed world of
phenomena as projections will arise as a consequence of a mathematical
formulation
of simple (and to our minds, common-sense)
notions about
the measurement and representation of phenomena. These intuitive notions
will be continually refined by the progressive development of the mathematical formalism. This section starts with a set of postulates stating these
notations mathematically,
and from them, we derive a phenomenological
calculus possessing properties which allow us to achieve our goal. In the
following sections, this calculus is used to analyze concrete problems.
Postulate I
Nature is a Hilbert space N over the real field. and it consists ofincariants
I, which are not directly accessible.
Postulate II
Real manifestations
(i.e. observables, pherlomena, or appearances ) are
projections of I: that is
A,, = &I
Ill
1
where A, = appearance CY,‘8, = projector producing appearence (Y.
A projec;or is a self-adjoint bounded linear operator ‘3,: N -+ N, such
that @ = ‘$,. It follows from functional analysis that the range of a,.
M, r ‘q,(N), is a closed subspace of N, which is clearly determined uniquely
by $3,. The converse is also @rue; i.e. given a closed subspace M of N,
there exists a unique projector ‘8 mapping Nonto M (with many interesting
properties; Rudin, 1974, Chapter 4).
A few remarks about notation are in order. A modified Einstein convention will be used. Repeated Roman indices denote summation, i.e. a’s, =
a’xl+...
+ a”‘~,,,. Repeated Greek indi:es denote a particular term, i.e.
aax, is the (~th term only. The hat on ‘qi denotes, as it were, the active
part of the projection process-an
operation, such as a ray, which sends
the image of I upon that part of the projection process serving as a screen.
This “screen” is the passive part of the projection process, with measurement there given in terms of some $3’. The elucidation of the relationship
between the active, ‘ai, and the passive, ‘qi, parts of the projection process
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is central to our study of the phenqmenological
world. Considering their
functions, it seems suitable to call ‘$3, the projector (operator) and !@’ the
receptor (operator). Their precise meanings are, of course, determined by
the mathematical formulation. The use of the term “appearances” rather
than “phenomena”
stems from the desire to reserve the letter 13 for the
projection process. The other choice of terms was “observable”, but this
more modern term was deemed unsuitable because of its all-too-solid
connotations. To call an appearance an observable runs the risk of endowing
it with an unwarranted objectivity and/or to confuse it with the underlying
invariant. Worst of all, something denoted an observable might be considered a “fact”, a concept we do not attempt to define in this essay. With
this caution in mind, we shall consider “appearances”, “phenomena”,
and
“observables” to be synonyms.
Postulate IIIa
It is possible to synthesize a representation, R, of the relevant features of
the invariant, I, from measures on the appearances and the projectors giving
rise to the same.

This representation is achieved in the following manner. A given projector ‘@a determines a closed subspace M, of N, which we postulate to be of
the form
Ma ={a”x,: x, EH},
(2)
where H is a real Hilbert space and a a is a uniquely determined linear
functional in H*. In other words, h4, is to be a (closed) subspace of the
space of dyadics T:(H).‘If
H has dimension n (finite or infinite), then
T:(H)
has dimension n x n and M, has dimension 1 x n. It is easily seen
that H and M, are in fact isomorphic, the canoni@ isomorphism Aa : H +
M, being A”(x,) = a”(x,/lla”ll*). As the range of Pa, M, can be thought of
as the space of all potential appearances that can be generated by that
projector. The problem at hand is how to formulate a representation of a
particular appearance, A,, given the postulated representation (2) for M,.
We define the receptor conjugate to ‘& as
pa: H+M,cN

(3)

by an operation
V(x,)

= aax,,

(4)

such that
A, = ‘@J = Qp”F, = a”F,

(5)

for a unique F, E H. Such F, exists and is unique because Qa : H + it4, is
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a bijection (in fact, ‘#” = IluUII*ha). Finally, we define the desired representation, R, by
R = $?Fl.
(6)
That is, R is the dyadic
R=aiFi

(=:A;

=;‘$,I).

Note that the pair $Cr EL(N,N),
X3” EL(H, N) determine each other
uniquely.
At this point, it becomes clear how R as a representation
of f can
reproduce the appearances. A projection of R is, by the final summation
in equation (7), simply a double projection of I. But by the definition of
a projector ‘8’ = ‘Q, and so a double projection of I is actually a projection
of I: namely, an appearance. Therefore, appearances can be obtained from
R by projection.
This crucial property
of the representation,
R, will be established
mathematically
in the next paragraphs. However, a few remarks relating
the preceding development of a phenomenological
representation
to our
earlier work (especially RLS 82) should be made. For reasons stated there
(and in LRS 82), R is called the “response tensor”. A fundamental concept
introduced in those papers was that of a “description
space”, D. Here we
have
RED={&:x,

.._. t,,,tH}ciV

18,

for a ’ . . am E H” and fixed by the given collection of projectors $-. (This
implies that there are only finitely many projectors, hence, finitely many
appearances; but that should not be a hindrance because m is not restricted
in size and could be 1079.) In description space, where the u’ are fixed, R
resembles a radius vector in form. For a vector R = sic’, the fixed set e’ are
called coordinates and the free variables X, are called components. This
notation will be used for the response tensor with the u’ being called
coordinates (of the appearances) and the F, being called components (of
the appearances). With the definition of equation (7) of a representation
of the invariant I. we can now proceed to the second half of Postulate III.
Postulate IIIb
As fur as reproducing the Gppeurunces,
R is the best approximation to I
given the set of projectors
{\12,,: a = 1
m). in the sense that l/I -RI/ is
minimal.
It would be best if IIf -R)\ = 0, which is to say R =f : but that assumes
one has a complete description of the invariant which in reality one normally
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does not have sufficient information available to achieve. From a result of
Hilbert space theory stating that a best approximation
is equivalent to a
projection (Rudin, 1974, Section 4.15), an immediate consequence of
Postulate IIIb is that R is the projection of I on D. Since by equation (7)

this says that 6 = Ci ‘@i E L(N) is a projector as well. A related theorem
(Halmos, 195 1, Section 28) says that a sum of projectors is again a projector
if and only if
‘&$$ = (j
fori#j.
(9)
This is equivalent

to saying $(iV) = @i ‘@i(N), which also says

=
(10)
,.
since ‘$33= ‘Qi. As might be expected, an arbitrarily chosen set of projectors
will not result in a representation, R, which is a best approximation to the
invariant, I. Rather, the postulated best fit is obtained only when the
projectors fulfill conditions (9) and (10).
Likewise, there is a relationship between projectors and receptors implied
by the postulate. From preceding equations, as indicated, we see that
$i@j

@“F, = a”F,

Sij@i

= A, = @,I

by equation (5)

= *m(

by equation (10)

I$ @J)

= fL(R)

by equation (7)

= $ixPFi)

by equation (6).

The preceding is an identity in F;, and we conclude
qjq’ = #Jy.
Postulate

(11)

IV

Given other projectors and appearances, the representation
in form. In particular, there is a dual representation
qi~

= R = G;J’

(6) is invariant
(12)

where Qj, J’ are defined below.

Upon establishing that the desired representation (6) and (7) is a response
tensor in description space (8), we established the crucial connection with
LRS 82, wherein the calculus associated with the response tensor is
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developed. In particular, we there demonstrated
the existence of components J’ E H* and coordinates ai E H dual to F’i and a ’ such that
J’

a’ = L’la,,

= L”Fi,

(13)

where L” = (a’, ai)*. In this earlier work, it was shown that D is a metric
space with L” as the metric tensor.
The dual coordinate, aB, determines uniquely the closed subspace
MP={agyP:y”~H*}cN*=N.

(14)

As before, the subspace M” is the space of potential appearances associated
with a particular projector indexed by /3. In other words, aP via equation
(14) determines uniquely the dual projector
k,PI~-,~ci~~.
Likewise,

the receptor

conjugate

115)

to 5;” is the bijection

- .H*+M”cN
LB.

( 16)

defined by
C&J)

(17)

= a,y”.

In particular,
cB(~fi)=apJP

=A”

118)

= i:flz

and
1 A, = a ‘F, = !@‘F, = R zz C, J’ = U, J’ = 1 A’,

z

I

119)

The following diagram summarizes succinctly the relationship between
conjugate projector-receptor pairs:
$12,
E L(N)++Mi

cN-a’

EH*-‘8’
I’

& EL(N)++M’

EL(H, N)
l201

T

cNHUjEHc*)4,EL(H*,N).

Thus, by meansof either conjugate pair ($,, ‘12’)or (e:, Cj ), we can achieve
our primary goal of finding coordinates, a ’ or a,, in H* or H which allow
us to synthesize a representation of the inaccessible invariants in nature;
that is, in N. The metric tensor, L”, provides a bridge in the diagram-a
bridge (equation (13)) in the realm of coordinates and components. We
shall now find a corresponding bridge in the realm of projectors and
receptors.
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= L”Fi into the postulated invariant formQiFi

= QJ’ yields

piFi = QjLjiFi,

(21)

whence we discover that L” provides the connection between dual receptors
as well; that is, we have
qi = QjLji.
(22)
Applying

the operator ‘!& to equation (22) we have
$juqji = I& DjLji,

(23)

which by equation (11) gives
&, q,y = $ja QjLji.

(24)

Counting over (Y= 1, . . . , m, we obtain the lovely matrix equation
diag (V’, . . . , pm) = (“,1-&)
A

= (&l,
=

A

(i,j

. . . ) D,)(Lji)
)(L”),

(25)

where we define L,j = @a Qj : H* -+N + N. Note that L,j E L(H*, N) and is
not a real number. Each side of the matrix equation operates on the m-triple
(F;:i)~H”‘togive
LI
(@“Fa : a) = (L,jJ’ Z(Y)EN”.
(26)
Observe that the operator (Llaj) E L((H*)“, N”) can be interpreted as the
of the operator of phenomenological
coefficients (L”): compose (LIaj) with (L”) = ((a’, a’)*) and get diag (‘@O’,. . . , q’“). Moreover, qB”
determines up uniquely. Therefore, we now have a method of recovering
the constitutive parameters from the phenomenological
coefficients. This
important possibility was not apparent in our earlier work. The relations
between L” and Lmj, in addition to the latter diagonalizing the former, is
given succinctly by equations (11) and (26): that is, by
diagonalizer

J’

= Li’Fi,

3. Projection

i,J’

= !JYF,.

(27)

and Duality

In the preceding section, we have seen how the phenomena of the
empirical world are resolved as djstinct appearances, A,, by the action of
projectors (measuring devices), qp,, operating upon invariants in nature,
I EN. Furthermore, we have seen that there exists a receptor, qa, which
allows the synthesis of the appearance such that A, = qaF, = u”F,. Finally,
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a representation
of I is provided by the response tensor, R = a’F,. Thus,
the action of the projector is to resolve the dyadic R into distinct dyads
via $$,R = a-F,.
The next step in this development of a phenomenological
calculus is to
find the means to resolve each distinct appearance, given by the dyad A,,
into its component, F,,, and its coordinate,
an. This resolution also is
achieved by projection. By means of a mathematical device, the projection
is performed in a manner which gives the component directly. It is this
device that introduces duality to a central role in the analysis of phenomena.
In order to gain an intuitive notion of the relationship between projection
and duality and the generalization of the latter called adjointness, several
examples are presented in the following.

FIG.

2

Let us begin with a familiar geometric example. Suppose Fig. 2 depicts
an invariant vector I of nature, which for convenience is given in Cartesian
coordinates as
I=xi+yj+zk.

(28)

Now suppose that measurement is limited to observations in the ix, y 1
plane and that measurement is made according to the skew-axis determined
by vectors el and e2. These vectors (which need not have unit length)
determine the projectors and receptors which will resolve I into distinct
appearances. Actually, I itself is not fully accessibleto the observer, limited
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as he is to the (x, y) plane. The object accessible is
R=xi+yj.

(29)
A projection of R parallel to e2 and upon el gives an appearance A’.
Likewise, a projection parallel to el and upon e2 gives the appearance A2.
A representation of R can thereby be synthesized as
R=A’+A2=eIx’+e2x2.

(30)

The preceding resolution is achieved by means of the linear transformations
6’: R-A’
and 6’: R-A’.
Next we wish to find the components x1 and
x2. In effect, this transforms the representation of R out of (i, j) coordinates
into the (er, e2) coordinates in which all observations are made. Not only
will this be accomplished, but also the following calculation will reveal the
morphology of description space (that is, the space of representations based
upon observations of the phenomena). In short, the mathematical device
of duality leads directly to a phenomenological
calculus.
The goal, then, is to find a mapping I?@: R-x’.
The operator fi’ is not
a projector in the strict sense, but as it results from a projection process
we will call it a II-projector.
To discoveri the form of such projectors, we
consider the coordinates dual to (el, e2): that is, (e’, e2) such that
ei(ei) = 8;.

(31)

e’(R) = e* (eq’) = ep (ej)x’ = xp

(32)

From

by equation (31), we conclude that
fip =ea( .).

(33)

It is instructive to draw the coordinates dual to those in Fig. 2 and see how
the preceding projection arises naturally from the orthonormal condition
defining duality.
The II-projector l?: RI-+X’ is equivalent to the composition R*xBep H
x’; that is
fj” = sJp’o$p G((e@I,
(34)
where we have denoted the dual coordinate es as a bra-uector familiar in
quantum mechanics. We shall discuss the quantum mechanics connections
of our phenomenology later.
The invariance of form postulated for R,
e;uj=R=eix.
I,
(35)
I
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leads to the relations
iii
x - g x,,

e’ = e,g”,

i361

where g” = e’ * e’. We can similarly consider the II-projector l?,: R-x,,
which being equivalent to the composition R HX, ea H x,, yields the identity
It, = (P”) ’ OF,, 2 /e,, ).

(37)

The action of the k&-vector le,) on R is
[II,(R) = (R)e, = R /e, )
=
In terms of II-projectors,

)e,, = x;e’(e,, 1= x,,.

(Xie’

(38)

equation (3 1) becomes
=6~.

(39,

il’ = g” r^r,.

(40)

E f1J ill,

141)

fi’fij

and equations (36) read

with
g”

Since the identities (34) and (37) imply the unique inferences fI’++(,e”/ and
fi, f, le,), and since the metric tensor g determines the above phenomenological calculus, we can construct this calculus with the knowledge of either
the n-projectors or the coordinates.
The formalism on the level of vector spacescan be translated onto the
level of description spaces. Here the metric tensor is L” = (n’, a’)* and the
n-projectors are
1421
defined by

R wqj.Pi

-JCi.

143)

and
(44)
defined by
R+-+a”F,,

-F,,.

(45)
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Note that we can safely speak of inverses of the receptors Cp and ‘$Y
because they are bijections, hence invertible. Further, the actions of the
bra-vector (aPI and the ket-vector 1~~) are
(a@IR =R(aO;)

= P(R)

=(Ui.Fi)(UPye)
=(U'y

U')*Fi

=L@'F.=Jfi

(46)

and

Rlu,)=R(*,u,)=fi,(R)
= (UJ’N . ,4x)
= (a,, ui)J’
= L,J’

= F,.

(47)

The above is summarized in Fig. 3, the operators fip = (uPI and l?, = la,)
providing the diagonal projections of the response tensor DID.

U'

FIG.

4. DID

3.

and Harmonic

Analysis

Two types of projections have already been presented in the previous
section. In the first case, the underlying and inaccessible invariant was a
vector I which was manifested in the world of observables as projections
based upon a measuring system with coordinates {e’}. The representation
R is resolved into components via the transformation
R-x,e”
HX,. In the
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second case, the underlying and inaccessible invariant was a response tensor
I. Its representation
R is resolved into components via the transformation
R H a aFa ++ F,. The two types of projection are essentially the same, being
geometric projections achieved by simple ket-vector actions: that is, 11, = le,)
in the first case and fi, = lai) in the second case.
For a third type of projection, consider two orthogonal sets of functions
{di} and (5’1 in H = L2(p 1 on a measure space (X, M, p ) such that

Assume that these functions are the dual coordinates
R having the following DID:
b.

b,5’ =R = b’&

5’ f

4,

1.”
FIG.

4

The orthogonality
(i.e. duality) condition
leads to the orthogonality
of the lI-projectors

J
x

5’

dg

and

(48) for the L’I~ I-functions

il, =

J 4,dcl,
x

via a derivation similar to that leading from equation (3 1) to equation
Therefore, the resolution of R into components is given by
fl”R=

J I P- J
.Y

tensor

b b’

>

l-I’ =

of a response

&b’&,d

-h’

Y

(‘4,

(49)
(39 1.

dp = h’.

The metric tensor, L”, is found by applying l?’ to R under the postulated
invariance of form
b&’ = R = b’d,.

(51,

Thus, we have

J
/‘(b

k

(52)
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which gives
b’ = L”bi

(53)

with
6’5’ dp = (fii, fij)*.

Lji = Lii =
IX
Equations

(54)

(51) and (53) then together give
biti = L”b,+j,

yielding the relationship

(55)

between the coordinates given in the DID (Fig. 4):
g = LiQj,
(56)

by the symmetry of the integral L” = L”. Thus, Fig. 4 is indeed a duality
diagram.
This type of projection is particularly interesting because it brings the
phenomenological
calculus into the realm of harmonic analysis. Considering
that harmonic analysis is at the heart of applied mathematics (see e.g.
Mackey, 1980), it is not so surprising that a seemingly simple device as
the DID provides the basis for the analysis of such a diverse range of
problems as those considered in R SO, RLS 82, LRS 82, and LR 83. An
important difference between the phenomenological
calculus and harmonic analysis is that we construct a representation from a finite set of
coordinate functions and thereby synthesize an R which is a best approximation to I-the
best to be obtained with a given system of projectors. The
contrast to a “mathematically
precise” representation of a given function
by an infinite series is obvious.
The analogy with harmonic analysis shows that 6’ and bi are more than
mere constants; they are, in effect, Fourier coefficients. In our earlier papers
(R 80, RLS 82, and LRS 82) the motivation
and development of the
response tensor was, to a large degree, based upon specific mechanisms.
The associated analysis was, however, completely general. In the present
paper (and in LR 83), we have attempted a model-free, epistemological
examination of the foundations of our phenomenological
calculus. From
a few propositions concerning the character and structure of measurement
processes, we have used the concepts of invariance, orthogonality, duality,
and projection (concepts central to harmonic analysis) to derive an
algorithm for the synthesis of a representation of the phenomenological
world. Thus, the idea of observables as projections of inaccessible invariants
of nature provides a bridge between measurement and representation. (See
Rosen (1978) and Louie (1983) for alternative, and in some respects
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natural systems and formal

Phenomenology

Now let us turn to our fourth and last example of projection, which by
no means exhausts the possibilities. This type of projection is notable in
that it leads to an AID (adjoint-invariant-diagram:
see LR 83). Rather
than start with the projectors, it is simpler to start with the AID (Fig. 5).

uiv’ =f =rksk

>

<

vL

Sk

The response tensor, f, is a bilinear form which we assume to be
homogeneous to the first order in (u ‘, t” 1 and in (rk, Sk). The indicated
summation over i runs from 1 to n and that over k from 1 to m. Note
that the variances do not correspond to a DID: (Fig. 4). The projectors
producing Fig. 5 are ascertained by recourse to Euler’s theorem for
homogeneous functions. Thus, from
and

df
rk =as,

we conclude that
and
We assume that the coordinates {v’} form a functionally independent set
(and likewise for {Sk}) and hence have the orthogonality conditions
(59)
with II-receptors defined as KI’ = vi and lI, = s/.
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The coefficients A: are found using fi, and the postulated invariance of
form for the representation fi Thus,

J-&v’) =-j+)

(60)

k

gives

iavi
l4 ask=rk
under the natural condition
function of the coordinate
transformation;
that is

(61)

that the free-ranging component ui is not a
Sk. Obviously, equation (61) is the desired
rk =A:u’

(62)

with

It remains to find the transformation on the coordinates, Sk-vi. As in
the preceding example, the invariance of form for f and equation (62)
together give
U’V’
=rksk
=&.&k,
(64)
which holds for all free-ranging

values of ui. Thus we obtain
Vi

i.e., the linear differential

(65)

=A;Sk,

form

i av'
v =zk*

(66)

However, it must not be concluded that the transformations across the top
and the bottom of the AID (Fig. 5) are the same: one is summed over i,
whereas the other is summed over k. Symmetry is lacking since normally

Indeed, in a general context the notation Ai leads to difficulty in the writing
of inverses. For that, one might use the following notation:

For the present purposes, such elaboration

is not required.
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In a moment, we shall consider a non-geometric
example which shows
clearly how a derivative acts as a projector. However,
we shall end this
discussion by presenting in Fig. 6 a diagram of the projection scheme for
the AID (Fig. 5). Contrast this with Fig. 3.
l

Frci.

rk

6.

The example to be considered is interesting in that the functional representation for f is formal. The response tensor f will represent the structure
of a chemical reaction. To be specific, the reaction will be H +O+C*
HzO+ CO,. The coordinates
ui and sk will represent the reactants and
products (actually, we can make no such distinction since structure only,
not kinetics or energetic& is our concern). The components 14 ’ and rk will
represent the stoichiometric
coefficients. With this convention, we have
the AID (Fig. 7):
1
1

0

A

l(H,O)+l(CO,)=f=2(H)+3(0)+1(C)
(HzO, COz) <

FIG.

with the following

transformation
aU-LO)/a(H)

(H,

AT
7.

matrix
a(COz)/a(H)

0, C)
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ui = fiy is as follows:
1 = U-W + COd/WN)
1
@Hz0 + CO,)/a(CO,)

0 (

>’

(70)

Other parts of Fig. 7 can similarly be verified. It should be mentioned that
in the more probable situation of diatomic gases the response tensor would
be f = 2(H20) + l(COJ = 2(02) + 2(H2) + l(C). This slightly different reaction would be represented by a different AID, but of course based upon
the same projection principles.
The AID (Fig. 7) can be viewed from a standpoint different from that
of a chemical reaction. It can be seen as a representation of a hierarchical
structure. Instead of a reaction, think of a system composed of CO1 and
HzO. This system can be visualized as being a collection of molecules of
CO2 and HZ0 and can also be conceived of as a collection of atoms of H,
0, and C. Thus, the same system can be described in terms of two levels
of physical resolution; that is, from two levels in a hierarchy of descriptions.
In Fig. 7 the left-hand side represents the molecular level in the hierarchy,
and the right-hand side represents the atomic level. The invariant f establishes that they are two equivalent views of the same system. The transformation matrix, A, allows one to move mathematically
up and down the
hierarchy of descriptions. Hierarchical structures will be examined in more
detail in a subsequent paper.
6. Tomography
The 1979 Nobel Prize in Physiology or Medicine was awarded to
Cormack and Hounsfield for the invention of the X-ray diagnostic technique
called computed tomography (CT). This pioneering work involved a practical application of a mathematical
theorem proved by Radon in 1917.
Radon’s theorem states that:
If for a continuous function f: R2+ R with compact support (i.e., f~ Coo(W2))
the integrals

So= JLfdh

(71)

taken over all straight lines L in the plane are known, then the value of the
function f(x) at any point x E Iw*can be reconstructed from these integrals.
Since a straight line L in the plane is uniquely determined by two parameters
(e.g. the intercepts), nif can be considered a function of two real variables
and hence a function R* + R. The operator W: Co0(R2) + C&R*) is known

218

I.

W.

RICHARDSON

AND

A.

H.

LOUIE

as the Radon transform, and CT is essentially based on the mathematical
inversion of the Radon transform.
This geometric interpretation
of Radon’s theorem has had a tremendous
impact in biology and medicine. Cormack and Hounsfield used the Radon
transform to synthesize mathematically non-invasive cross-sectional
X-ray
pictures of human tissues-tomograms.
Electron microscopists
have used
similar stereological techniques to determine the structure and shape of
biomolecules.
The mathematical problem of reconstructing
the density
distribution
from the projections-proportional
to the logarithm of the
corresponding
integral-lay
in the design of a discrete inversion algorithm
to compute the inverse of the Radon transform with a feasible resolution,
in a short time, and most importantly,
when only finitely many projected
images are available (as in practice it is impossible to obtain the infinite
set of projections !Hf(L )).
To analyze this problem in terms of our phenomenological
calculus, we
shall consider the Radon transform !?I as a projector on the Hilbert space
Lz(Rz) (noting that C,,,(R2) c Lz(R2)). The hypothesis of Radon’s theorem
requires the knowledge
of projections !lif(L) for all straight lines, but it
has been shown that any infinite set of projections is sufficient to determine
all the f(x) values (Smith, Solmon & Wagner, 1977). An infinite set of
projections,
however,
also turned out to be necessary-a
finite set of
projections
tells nothing at all, in the sense that there is an unlimited
number of continuous functions with the same finite set of projections.
At first glance, the above seems to suggest that reconstruction
of an
object from its projections is practically impossible. Rut then how could
CT, stereology, and descriptive geometry (our example in Section 1 of
architectural projections)
be enjoying such reliability? The difference lies
in the following:
some extra a priori
information
about the objective
function must be known, and/or the finite set of projectors
must be
strategically placed so as to satisfy the “orthogonality
conditions”
(9) and
(10). Returning to our example in Fig. 1, first note that the house can be
considered as the graph of a C&R’)-function
f. Furthermore,
although the
house is embedded in a three-dimensional
space. its description, namely
the function f, belongs properly in the infinite-dimensional
space C&R’) c
L*(R’). The draftsman can reconstruct
the image of the house from the
totality of only three projections because he has some CI priori knowledge
of the most reasonable structure of houses in general and because he
employs a set of orthogonal projectors.
In conclusion, the connection between our phenomenological
calculus
and tomography (and stereology, descriptive geometry, and other problems
in reconstruction
from projections)
is a consequence of the two parts of

REPRESENTATIONS

OF

PHENOMENA

219

Postulate III. The reader is referred to Smith et al. (lot. cit.) and Herman
& Natterer (1981) for other biomedical and mathematical aspects of CT.
7. Quantum

Mechanics

To illustrate further the power of our phenomenological
calculus, we
will show how it provides an alternate description of some of the fundamental notions of quantum mechanics (QM). The basic postulates of QM
are that associated with any state of a system there is an L2 wave function
\I’ which depends on spatial coordinates and on time, that associated with
every dynamical observable there is a self-adjoint bounded linear operator
on the Hilbert space L2, and that the values allowed to the observable are
determined by the eigenvalues of the corresponding operator. Let us first
supply a QM realization in terms of our calculus.
The invariant I will denote a state of the natural system N = L2 under
consideration, and the response tensor R will be the physically accessible
components of I in the description space D. Since 111--RI\ is minimal, i.e.
a lower bound, another way of stating the Heisenberg uncertainty principle
is this: if R’ is any other physical description of the invariant state 1, we
must have
111
-WI 2 111-m
(72)
that is,
uncertainty 2 ))I - RIJ.
(73)
The operator (ijo, being a projector,

has norm

ll~ccll= 1

(74)

sp \I), = (0, 1).

(75)

and pure point spectrum
The eigenvector belonging to 1 is the bra-vector&(a u 1, a?d the eigenvectors
belonging to 0 are (a ‘1 for i # (Y.The definition ‘$ = XII qa restricted to the
space D gives the spectral resolution of the identity on D

LJ =% =CkIm
a

(76)
1

which is a variant of equation (25). Now let 4 be a self-adjoint operator
on D, then the spectral theorem gives the von Neumann (1955) spectral
resolution of 6 as
(77)
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where the A are the eigenvalues of 6. In QM terms, this says any observable
is a linear combination of our set of projectors. Thus our phen?menology
does indeed entertain a universal description for QM, since {‘lzi} forms a
basis for the space of all observables.
Further, the collection of projectors {$,} has the following three properties inherent from equation (10):
(a) They commute with each other
[$, Q,] = $q& - !$,$, = (j.

!78)

(b) They commute with any observable
[q&, $1 = b.

(791

(c) They are closed under multiplication

(composition)

\&Qj =&i~$i =&g$,

= &$,.

(80)

(The coefficients c; = SijS” a;e the structure constants of the class algebra
of observables.) The bases (9,) thus satisfy the Dirac (1930) definition of
a complete set of commuting operators (CSCO).
Another consequence of the spectral resolution of a self-adjoint operator
on D is that if f is a function of a real variable, then

f(& =I f(A &.
In particular,

Schrodinger’s

181)

equation

aur
- = -is>*.
at
where 6 is the Hamiltonian
solution of the form

divided

(82)

by Planck’s

q(t) =e ‘c”~,o).

constant,

admits

the
(83,

where

and the frequencies

w are the eigenvalues
8. Quantum

Biology

of ~3.
and Beyond

The study of the quantum mechanical properties of biological molecules
has been the most visible part of quantum biology. This part, however, is
certainly not the whole (though reductionists
would argue otherwise),
and
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there is more to quantum theory than the computations of molecular
quantum mechanics and quantum chemistry. Quantum theory should be
recognized as a general theory of microphysical systems and microphysical
events, allowing many alternate modes of description and analysis. Quantum biology is the specialization of this general theory to the analysis of
biological functions and interactions. In other words, quantum biology is
properly the intersection of relational biology (Rashevsky, 1960) and quantum theory.
In LRS 82 we suggested that the response tensor and description space
are natural mathematical tools of biology, as dyadic geometry is one level
up the hierarchy above the vector geometry of physics. We saw in the
previous section that our phenomenological
calculus has a realization in
QM, when the underlying system is a Hilbert space. The same hierarchical
reasoning applies here, and when the underlying system is a dyadic tensor
product space of a Hilbert space and its dual, we have a formalism for
quantum biology.
In LRS 82 we analyzed in detail a prototype example of relational
quantum biology, namely, the interactions of enzymes and substrates. There
the Edelstein & Rosen (1978) model for enzyme-substrate recognition was
interpreted in terms of our phenomenological
calculus of the response
tensor; we now provide the simple translation into the language of projections of invariants. In enzyme-substrate
interactions,
the underlying
invariant I represents the entire (inaccessible) system, the physically
measurable subsystem of which is the response tensor R, i.e. the “complex”
in the interaction (LRS 82). It is particularly interesting to note that the
maps
‘*substrate F, Z
a “F, complex
(85)
w-r’
are bijective, a possible reflection of the specificify of the enzyme uoL.
Projections of I (or R) are then realized as decompositions of multi-enzyme
systems into one-enzyme-one-substrate
components.
Carrying this
specificity of the metabolic part of a cell to its genetic parts (recalling the
metabolic-genetic
duality of cellular (M, R)-systems discussed in LR 83),
we establish a connection with the important
one-gene-one-enzyme
hypothesis of molecular biology. Rosen (1972) is an essay on some of the
basic ideas of quantum genetics.
The phenomenological
calculus presented in our sequence of papers has
evolved from an alternative description of dissipative systems (R 80) to the
general language with which to interpret natural phenomena. Despite its
various realizations in physical, chemical, and ultimately, biological terms,
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we wish to emphasize that the phenomenological calculus remains,
nevertheless, an alternative description of natural systems. We believe that
our approach is canonical, in the sensethat if measurement of observables
is projection of invariants, then a phenomenology must reflect this, and
that if observables stand in meaningful relationships only when produced
by projectors dual to the projections, then a phenomenology must reflect
this duality as well. What may not be canonical is having a representation
given by a dyadic response tensor, but that is a subjective choice. We
propose that such a simple representation is sufficient to “save the appearances”, and we believe we have demonstrated the power of such a representation in our continuing sequence of papers. In the next paper we
shall show the connections between categorical system theory (Louie, 1983 1
and the phenomenological calculus, and discuss hierarchical structures in
those terms.
To iterate the importance of alternative descriptions, in particular that
our calculus is one of the many possible representations of natural
phenomena, it is appropriate to end this essay with what Lao Tse said in
Tao Te Ching:
The principle that can be stated
Cannot be the absolute principle
The name that can be given
Cannot be the permanent name.

We thank Evelyn Spiller for her cheerful and careful preparation of the manuscript.
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